We generalize the van Kampen theorem for unions of non-connected spaces, due to R. Brown and A. R. Salleh, to the context where families of subspaces of the base space B are replaced with a 'large' space E equipped with a locally sectionable continuous map p : E → B.
INTRODUCTION
The most general version of the 1-dimensional theorem of van Kampen seems to be the following, which involves the fundamental groupoid π 1 (B, S) on a set S of base points. Here we write also π 1 (B, S) for π 1 (B, B∩S), so that if U is a subspace of B then π 1 (U, S) is π 1 (U, U ∩ S).
The idea for using more than one base point arose for giving a van Kampen Theorem, [1, 2] , which would compute the fundamental group of the circle S 1 , which after all is the basic example in algebraic topology; of course the "canonical" method for the circle is to use the covering map R → S 1 , but the following theorem deals with a myriad of other cases. 1 The use of groupoids also allows for the applications of Higgins' "universal morphisms", see [7] and the Appendix B5 Groupoids bifibered over Sets of [5] ; the fundamental group of the circle may be obtained from the groupoid I = π 1 ([0, 1], {0, 1}) by identifying 0 and 1. Theorem 1.1. [4] Let (B λ ) λ∈Λ be a family of subspaces of B such that the interiors of the sets B λ (λ ∈ Λ) cover B, and let S be a subset of B. Suppose S meets each path-component of each one-fold, two-fold, and each three-fold intersection of distinct members of the family (B λ ) λ∈Λ . Then there is a coequalizer diagram in the category of groupoids:
in which stands for the coproduct in the category of groupoids, and α, β, and γ are determined by the inclusion maps
There are also accounts of the van Kampen theorem for the fundamental group related to universal covers and Galois theory, [6, 3] ; [3] uses Galois theory of [8] . In this paper we return to the classical approach, but replace families of subspaces of the base space B with a 'large' space E equipped with a locally sectionable continuous map p : E → B; this makes our main theorem more general than Theorem 1.1.
LOCALLY SECTIONABLE MAPS AND THE MAIN THEOREM
A continuous map p : E → B of topological spaces is said to be locally sectionable if for every b ∈ B there exist an open subset U of B such that b ∈ U and the map p −1 (U) → U induced by p has a continuous section. We are interested in such maps for two reasons:
• Let (B λ ) λ∈Λ be a family of subspaces of B, let E be their coproduct, and suppose that the interiors of the sets B λ (λ ∈ Λ) cover B. Then the canonical map p : E → B is locally sectionable, and such a family of subspaces is used in the Brown-Salleh version of van Kampen Theorem [4] , recalled above as Theorem 1.1; we are going to extend that theorem to arbitrary locally sectionable maps. For convenience, for any map p : E → B and subset S of B we write π 1 (E, S) and
respectively. • As shown in [9] , every locally sectionable map is an effective descent morphism in the category of topological spaces.
Remark 2.1. (a) Let us remove the word "distinct" from our requirement on S in Theorem 1.1. This will:
• also remove "one-fold, two-fold and", since it will make one-fold and two-fold intersections special cases of three-fold intersections; • make so modified Theorem 1.1 formally weaker by forcing each U λ to become path-connected. However, this formally weaker version of Theorem 2.2 is actually easily equivalent to it. (b) Consider the above-mentioned coproduct E of the family (B λ ) λ∈Λ and the associated function p : E → B. Since the fundamental groupoid functor π 1 preserves coproducts, we can write λ∈Λ π 1 (U λ , S) = π 1 (E, S) and λ,µ∈Λ
which immediately suggests the formulation of the following Main Theorem 2.2. The proof, as in [4] , is by verification of the universal property; for this purpose, we do not even need to know that coequalisers exist in the category of groupoids, nor how to construct them. However the details of the construction may be found in [7] .
locally sectionable continuous map of topological spaces, and S a subset of B such that the inverse image
Then there is a coequalizer diagram in the category of groupoids
in which the functor γ is induced by p : E → B and the functors α, β are induced respectively by the first and the second projections
Proof. We have to prove that, given a groupoid G and a functor δ : π 1 (E, S) → G with δα = δβ, there exists a unique functor ε : π 1 (B, S) → G with εγ = δ:
To verify uniqueness, suppose such an ε is given. Let U be the set of all open subsets of B such that the map p −1 (U) → U induced by p has a continuous section, and let us fix a U-indexed family
Next, for each path f : [0, 1] → B in B with endpoints in S, let us fix a finite subset {U f,1 , ..., U f,n(f ) } of U, and real numbers t f,0 , · · · , t f,n(f ) such that:
•
. , n(f ); This is indeed possible since [0, 1] is compact and U is down closed (among the open subsets of B). Furthermore, for each i ∈ {1, ..., n(f ) − 1}, let us also choose a path g f,i :
This is indeed possible since that inverse image meets every path-component of E × B E. Now, denoting again the two pullback projections E × B E → E by p 1 and p 2 , consider the following morphisms in the groupoid π 1 (E):
.., n(f ) − 1} as the inverse of the morphism determined by the p 2 -image of the path g f,i :
It is easy to see that:
(a) Let us write γ for the functor π 1 (E) → π 1 (B) induced by p (which implies that γ extends γ). Since pp 1 = pp 2 , the sequence
is a composable sequence of morphisms in π 1 (B). 
a composable sequence of morphisms in π 1 (B, S), whose composite coincides again with the morphism determined by the path f . (d) Since δα = δβ the sequence
is a composable sequence of morphisms in G.
The shows the uniqueness of the proposed morphism ε.
We now have to show that the morphism ε is well defined by this construction, and this must clearly involve a homotopy rel end points K : f ≃ g. Key points in showing that the above process gives the same element of G are the following:
• The square I 2 has Lebesgue dimension 2 which means that any open cover V has a refinement W such that any fourfold intersection of elements of W is empty. • A further key point is that if a map K : I 2 → E maps the vertices of I 2 into p −1 (S), then the edges of I 2 define elements a, b, c, d of π 1 (E, S) for which, in the appropriate labelling, ab = cd, i.e. K defines a commutative square in π 1 (E, S), and hence, via δ, a commutative square in G. • If we start with two subdivided paths representing the same element of π 1 (E, S) and a homotopy K : I 2 → E rel end points between them, we can subdivide I 2 in a way refining the given subdivisions and such that each small square of the subdivision lies in an open set of a cover of order 4, in the sense that every 4-fold intersection of distinct sets of the family is empty. This arguments is used in [4] . • By our assumptions, the image under K of the vertices of this subdivision can be joined to points of p −1 (S), yielding a diagram of commutative squares in π 1 (E, S). • That the final results give the same element of G may be expressed in a diagram of commutative squares in G of the following type: in which the vertical double lines represent identities. Clearly any well defined composite of commutative squares in a groupoid is itself commutative, and so we can conclude in this case that a = b. This completes the proof.
ADDITIONAL REMARKS
In what follows, Set, Top, and Grpd denote the categories of sets, of topological spaces, and of groupoids, respectively; ∆ denotes the simplicial category, and, accordingly, Set ∆ op denotes the category of simplicial sets.
Taking S = B in Theorem 2.2 we obtain:
Corollary 3.1. Let p : E → B be a locally sectionable continuous map of topological spaces. There is a coequalizer diagram in the category of groupoids
in which the functors α, β, and γ are induced respectively by the first and the second projection E × B E → E, and by p. 
in which the functors α, β, and γ are induced by the first and the second projection E × B E → E, and by p, respectively, is a coequalizer diagram in the category of groupoids.
Remark 3.4. When B is a 'good' space admitting a universal covering map p : E → B, the groupoids π 1 (E × B E) and π 1 (E) are coproducts of indiscrete groupoids. Therefore Theorem 2.2 and Corollaries 3.1 and 3.3 present π 1 (B, S), π 1 (B), and π 1 (B, x), respectively, as colimits of indiscrete groupoids.
Remark 3.5. Since the fundamental group(oid) of a space B does not in general classify covering spaces over B, one cannot deduce Theorem 1.1 from the results of [3] based on categorical Galois theory [8] . Nevertheless, a detailed comparison of the two approaches would be desirable, especially since all locally sectionable continuous maps are effective descent morphisms in Top. In particular, it would be interesting to answer the following questions: (a) What is a necessary and sufficient condition on p : E → B under which the diagram considered in Corollary 3.1 is a coequalizer diagram in the category of groupoids? (b) Compare the diagrams considered in Theorem 2.2 and in Corollary 3.1. In general there is no way to conclude that the first of them is a coequalizer diagram whenever the second one is. What are reasonable conditions on p : E → B under which such conclusion can be made?
